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ABSTRACT OF THESIS 
 
FREQUENCY TRACKING AND PHASOR ESTIMATION USING 
LEAST SQUARES AND TOTAL LEAST SQUARES ALGORITHMS 
System stability plays an important role in electric power systems. With the development 
of electric power system, the scale of the electric grid is now becoming larger and larger, 
and many renewable energy resources are integrated in the grid. However, at the same time, 
the stability and safety issues of electric power system are becoming more complicated. 
Frequency and phasors are two critical parameters of the system stability. Obtaining these 
two parameters have been great challenges for decades. Researchers have provided various 
kinds of algorithms for frequency tracking and phasor estimation. Among them, Least 
Squares (LS) algorithm is one of the most commonly used algorithm. This thesis studies 
the LS algorithm and the Total Least Squares (TLS) algorithm working on frequency 
tracking and phasor estimation. In order to test the performance of the two algorithms, 
some simulations have been made in the Matlab. The Total Vector Error (TVE) is a 
commonly used performance criteria, and the TVE results of the two algorithms are 
compared. The TLS algorithm performs better than LS algorithm when the frequencies of 
all harmonic components are given. 
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Chapter 1 Introduction 
 This chapter first gives a brief perspective on the electric power system. Then, the 
reason why the study is important to electric power system has been stated. At the end of 
this section, recent research status of frequency tracking and phasor estimation has been 
mentioned.  
 
1.1 History of Electric Power Systems 
 The electric power system plays an important role in human society. However, it 
did not have a long history. In 1881, Edison Electric Illuminating Company, which was 
founded by Thomas Edison, built up the first power plant, Pearl Street Station, in the United 
States [1]. It was using an 110V dc underground distribution network. After that, in order 
to transport power for long distances, transformer was developed by George Westinghouse 
[2]. Alternative Current was then introduced. The Ames Hydroelectric Generating Plant 
was the first power plant transmitting AC [3]. With the development of the society, we now 
already have the stable power systems to use and are trying to increase the efficiency in the 
future. 
 
1.2 Introduction to Electric Power Systems 
 Electric Power System is a real-time power delivery system. It consists three main 
subsystems, which are generation subsystems, transmission subsystems and distribution 
subsystems. 
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 The generation subsystem includes generators and transformers. The power plant 
generates electricity and, after stepping up the voltage by the transformer, transport power 
by high voltage transmission lines. According to American National Standards Institute 
(ANSI), the transmission lines are standardized to have the line-to-line voltages as 69kV, 
115kV, 138kV, 161kV, 230kV, 345kV, 500kV and 765kV. Normally, the voltage of 
transmission lines ranges from 69kV to 138kV [1].  In the distribution subsystems, the 
distribution substations are connected to various kinds of consumers such as commercial 
consumers, industrial consumers and residential consumers. 
 
1.3 The Meaning of Research 
 Stability has been regarded as one of the most important challenges in the electric 
power system. With the development of the electric power system, the scale of the grid is 
now becoming larger and larger, and many renewable energy resources are integrated in 
the grid. However, at the same time, the stability and safety issues of electric power system 
are becoming more complex. 
 Electric power system stability can be generally classified into three kinds: rotor 
angle stability, frequency stability and voltage stability [4]. Frequency shows the number 
of cycles in a second. It is important because it reflects the stability between the load and 
the generation. In the United States, the standard frequency is 60Hz for electric power 
system. For the countries in Europe, they are using 50Hz frequency. Other countries are 
using frequency of 50Hz or 60Hz. Electric power system frequency may deviate from its 
setting value when the generation mismatch the load. The changing frequency may affect 
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power generation, the load consumption and may lead to a change of the system voltage. 
Normally, the changing frequency issue can be solved by power compensation. However, 
when the power compensation is not able to deal with the lack of power, it may lead to a 
significant drop on the frequency and make huge damage to the whole electric power 
system. 
 In order to monitor the electric power system and to prevent the fault, not only the 
frequency need to be tracked, but also the phasor should be measured. Phasor is a vector 
that shows a sinusoidal function with its amplitude, frequency and phase angle. In the 
electric power system, voltage and current signals are always represented by a sinusoidal 
function, such as: 
)cos()(   tAtv       (1.1) 
f 2       (1.2) 
 In the functions (1.1) and (1.2), )(tv  is the voltage signal, A  is the voltage 
magnitude, f  is the frequency of the signal and   is the phase angle. 
 
1.4 Current Research Status 
 The frequency tracking issue has been a challenge for decades. Researchers have 
proposed various algorithms such as zero-crossing algorithms [5], discrete Fourier 
transform (DFT) [6]- [7], level-crossing algorithm [8], Least Mean Squares algorithm (LS) 
[9], Kalman filter [10], orthogonal decomposition algorithm [11]- [12], quadrature 
demodulation algorithm [13]. All these methods have their own advantages and 
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disadvantages. Despite of such many algorithms, it is still a challenge to get high accuracy 
and high tracking speed on frequency tracking. 
 Researchers had also focused on phasor estimation for a long time. Many 
algorithms had been raised, such as LS algorithm [14]- [15], Kalman filter algorithm [16], 
Newton method [17], digital mimic filter algorithm [18], Weighted Least Squares 
algorithm (WLS) [19], and DFT [20]. Among these algorithms, DFT is the most widely 
used algorithm. Fast Fourier Transform (FFT) is based on this algorithm and have faster 
calculation speed. DFT has the advantage that it is not sensitive to the harmonic 
components. However, it is easily affected by the noise and the amplitude of the signal. 
Kalman filter algorithm can give an accurate estimation of phasor, but it requires large 
calculation. 
 All in all, although there are so many algorithms, there still will be a long way for 
frequency tracking and phasor estimation to be more accuracy and faster. 
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Chapter 2 General Least Squares Algorithms 
2.1 Least Squares Algorithm 
 The Least Squares (LS) algorithm is an approach that could find a function perfectly 
matches the input function in an over-determined system by minimizing the sum of the 
squares of all the errors. It is also known as Least Mean Squares (LMS) algorithm or Least 
Error Squares (LES) algorithm. By using the LS algorithm, unknowns of the input function 
can be easily and precisely extracted. In order to make the estimate function as close as 
possible to the input function, it minimizes the sum of the squares of all the errors. These 
errors are the differences between the observed values and the fitted values. 
 The LS algorithm has a long history and was first published by a French scientist 
called Legendre in 1805. After that, Gauss proved that the least squares algorithm is the 
“Best Linear Unbiased Estimators” (“BLUE”) under conditions when errors have an 
expectation of zero, are uncorrelated and have equal variances. This algorithm has then 
been widely used for data fitting, curve fitting and in many other areas. 
 As there are various kinds of LS algorithms fitting different problems, a general LS 
algorithm will be introduced here. It has been described in details by David C. Lay in his 
book “Linear Algebra and its Applications” [21]. 
The basic model of the LS problem is 
  bAx       (2.1) 
Where  A  is a nm  matrix, x  is a 1n  matrix, b  is a 1m  matrix and   is the 
error. In order to find the x  that could match Ax  with b  well, we need to minimize  . 
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Thus, what we need is to make bAx   as small as possible, which can be regarded as to 
find an x  such that bAxbxA ˆ . 
 Consider the equation 0ˆ  bxA . By multiplying 
TA , we can get 
0)ˆ(  bxAAT      (2.2) 
0ˆ  bAxAA TT      (2.3) 
bAxAA TT ˆ       (2.4) 
 In equation (2.4), AAT  is a nn  matrix. By multiplying 
1)( AAT , x̂  will be 
solved as showed in equation (2.5): 
bAAAx TT 1)(ˆ       (2.5) 
 Thus, we got the solution to the LS problem. In equation (2.5), 
TT AAA 1)(    is called 
pseudo-inverse of A , and has been widely used for achieving the solution to the LS related 
problems. 
 
2.2 Total Least Squares Algorithm 
 Total Least Squares (TLS) algorithm was first systematically introduced by Golub 
and Van Loan in 1980 [22]. It is an improved algorithm based on LS algorithm. For 
ordinary LS algorithm, it has the model  bAx  that only takes account of observational 
errors. However, in practice, there are always errors in both observation side and model 
side. TLS is an improved algorithm in order to solve such kind of problems. 
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 The basic form of a TLS problem is  
PA EPXEA  )(      (2.6) 
Where AE  is the error on the model side, PE  is the error on the observation side. 
The matrix  AE  PE  is a normally distributed random noise with a mean of zero. Such 
model is called Errors-in-Variables (EIV) model [23]. 
 In order to solve such kind of problems, we need to find the matrix Â  and P̂ , such 
that: 
PXA ˆˆ       (2.7) 
 With constraint: 
Amin   AP ˆ  
F
P̂      (2.8) 
 Where X̂  is the solution to the TLS problem. 
F
M  is the Frobenius norm [24]. 
 A way to solve TLS problem is by using Singular Value Decomposition (SVD). 
Firstly, we rewrite PAX   to equation (2.9): 
A    01- TTxP       (2.9) 
 Suppose an augmented matrix AC   P . In order to use SVD for this matrix, let: 
TVUC       (2.10) 
Where, 
),......,( 121  nndiag      (2.11) 
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1121 ............   nkk   
 muuuU ......, 21      (2.12) 
 121 ......,  nvvvV      (2.13) 
1,  ni
m
i RvRu   
 Thus, the solution to the TLS problem can be achieved [24]: 
 Tnnnn
nn
vvv
v
x 1,1,21,1
1,1
......,
1
ˆ


     (2.14) 
 
 
 
 
 
 
 
 
 
 
 
   
9 
 
Chapter 3 Frequency Tracking 
3.1 LS Algorithm for Frequency Tracking 
 To apply LS algorithm to frequency tracking, we need to make a model for 
frequency tracking. This have been described in details by Sachdev in his paper [25]. The 
signal is assumed to be a fundamental harmonic component. The signal (take voltage signal 
as an example) can be generally expressed as: 
)2sin()(   ftVtv m      (3.1) 
Where: 
 )(tv  is the instantaneous voltage magnitude at time t , 
 mV  is the peak value of the voltage, 
 f  is the frequency of the system, 
   is the phase angle. 
 For the sample signal, all the variables are unknown. And what need to be extracted 
is the frequency f .  In order to make the problem easier, some assumptions have been 
made. Firstly, we assume that there is a Low-Pass Filter (LPF) to block all the inter-
harmonic components. Before using LS algorithm, an initial frequency value 0f  need to 
be set, which would be 60Hz normally. 
 By using trigonometric function ABABBA cossinsincos)sin(  , equation 
(3.1) can be expanded as: 
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)2cos(sin)2sin(cos)( ftVftVtv mm      (3.2) 
For )2sin( ft  and )2cos( ft , they can be expanded by Taylor series such that: 




0
0
2
0
2
)2sin()(
!2
)2(
)1()2sin(
m
m
m
m tfff
m
t
ft 

  








0
0
12
0
12
)2cos()(
)!12(
)2(
)1(
n
n
n
n tfff
n
t


  (3.3) 




0
0
2
0
2
)2cos()(
!2
)2(
)1()2cos(
m
m
m
m tfff
m
t
ft 

  








0
0
12
0
12
)2cos()(
)!12(
)2(
)1(
n
n
n
n tfff
n
t


  (3.4) 
 Only the first three terms will be used for equation (3.3) and (3.4), such that: 
)2sin()(
2
)2(
)2cos()(2)2sin()2sin( 0
2
0
2
000 tfff
t
tfffttfft 

        (3.5) 
)2cos()(
2
)2(
)2sin()(2)2cos()2cos( 0
2
0
2
000 tfff
t
tfffttfft 

        (3.6) 
 By substituting equations (3.5) and (3.6) into equation (3.2), and expand 2
0)( ff   
to 
2
00
2 2 ffff  , we will have such equation as: 
 cos))(2cos(2cos)2sin()( 000 mm VfftftVtftv   
  sin))](2sin(2[sin)2cos( 000 mm VfftftVtf   
     



 cos]
2
)2(
)2(
2
)2(
)[2sin(
2
0
2
0
22
2
0
2
mVfffftft   
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



 sin]
2
)2(
)2(
2
)2(
)[2cos(
2
0
2
0
22
2
0
2
mVfffftft       (3.7) 
 Now, we consider the matrix ][X . Suppose cos1 mVx  , cos)( 02 mVffx  , 
sin3 mVx  , sin)( 04 mVffx  , 



cos]
2
)2(
)2(
2
)2(
[
2
0
2
0
22
2
5 mVffffx  , 




sin]
2
)2(
)2(
2
)2(
[
2
0
2
0
22
2
6 mVffffx  . Thus, the 16  ][X  matrix has been 
made. 
 Next, we take matrix ][A  into consideration. Suppose )2sin( 01 tfa  , 
)2cos(2 02 tfta  , )2cos( 03 tfa  , )2sin(2 04 tfta  , )2sin( 0
2
5 tfta  , 
)2cos( 0
2
6 tfta  . Assume that a total of n samples have been measured. Thus, the 6n  
][A  matrix has been made. 
 By substituting the matrix ][A  and ][X , we can get equation (3.8): 
662211 ......)( xaxaxatv      (3.8) 
 Equation (3.8) can be written in the matrix form such that: 
][]][[ VXA       (3.9) 
 As matrix ][A  and ][V  is given, only matrix ][X  need to be solved. This equation 
matched the form of LS problems, which has been mentioned in Chapter 2.1. In order to 
solve ][X , the pseudo-inverse method will be used, such that: 
][][][ VAX       (3.10) 
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 Where       TT AAAA 1][   . 
 Once we got the matrix ][X , there are several ways to calculate the frequency: 
0
0
1
2
cos
cos)(
ff
V
Vff
x
x
m
m 




   (3.11) 
0
0
3
4
sin
sin)(
ff
V
Vff
x
x
m
m 




   (3.12) 
 Thus, we can get the frequency 
1
2
0
x
x
ff   or 
3
4
0
x
x
ff   from the equation 
(3.11) and (3.12). Actually, we could also get the frequency by equation 
2
3
2
1
2
4
2
22
0)(
xx
xx
ff


 .  
 
3.2 Simulation Results 
 In order to test the accuracy of the algorithm, some simulations have been made 
using Matlab. The Matlab code is based on the algorithm showed in Chapter 3.1. 
 Several different kinds of input signals have been tested, and the simulation results 
are showed in figures, comparing with the original input frequency. The sampling rate is 
1920Hz (32 sample per cycle in a 60Hz system). The decaying time constant   is set to 
0.0265s (or 26.5ms), which corresponding to ratio 10
R
X
. The initial expected frequency 
0f  is supposed to be 60Hz. 
 
   
13 
 
Case 1: The test signal has a frequency with a small deviation. 
)
6
2sin(2100)(

  fttv     (3.13) 
Where fff  0  and Hzf 3.0  
 
Figure 3.1 Frequency unchanged with a small deviation 
 In figure 3.1, the x-axis represents the time with the unit seconds. The y-axis 
shows the frequency with the unit Hz. The red line represents the actual value of the 
system frequency. The green line is the estimated value by the algorithm. 
In this case, the estimation of the frequency fit actual system frequency very well 
when there is only a small deviation. 
 
Case 2: The test signal has a frequency with a large deviation. 
)
6
2sin(2100)(

  fttv     (3.14) 
Where fff  0  and Hzf 3.11  
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Figure 3.2 Frequency unchanged with a large deviation 
 In this case, when the actual frequency has a large deviation from the expected 
frequency, it turns out to be not so accuracy. When the estimation frequency has a large 
deviation from the expected value, it means the actual value also has a large deviation from 
the expected value. Thus, in order to get a better estimation, the initial value could be reset 
by a recursive algorithm until the estimation value matches the expected value. 
 
Case 3: The test signal has a frequency which steps up and down in different periods with 
a small deviation. 
)
6
2sin(2100)(

  fttv     (3.15) 
Where fff  0  and  
)
128
1
0(0  tf ; 
)
128
2
128
1
(3.0  tf ; 
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)
128
3
128
2
(2.1  tf ; 
)
128
4
128
3
(3.1  tf ; 
 
Figure 3.3 Frequency steps up and down with a small deviation 
 In this case, when the frequency changes only within a small range, the algorithm 
gives a precise estimation. It is only the time when frequency steps up and down that the 
estimation comes to an error, which can be regarded as a characteristic showing that the 
frequency changes. 
 
Case 4: The test signal has a frequency which steps up and down in different periods with 
a large deviation. 
)
6
2sin(2100)(

  fttv     (3.16) 
Where fff  0  and  
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)
128
2
0(0  tf ; 
)
128
4
128
2
(3.0  tf ; 
)
128
6
128
4
(2.1  tf ; 
)
128
8
128
6
(3.10  tf ; 
 
Figure 3.4 Frequency steps up and down with a large deviation 
 In this case, the LS algorithm gives an accurate estimation on the first three changes 
on the frequency. For the last change on the frequency, because there is a large deviation 
from the expected frequency, it just gives an approximate estimation on the frequency.  
 
Case 5: The test signal has a decaying d.c. component and the frequency has a small 
deviation. 
)
6
2sin(21008.99)(

 

ftetv
t
   (3.17) 
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Where fff  0  and Hzf 3.0  
 
Figure 3.5 Signal with decaying d.c. component and frequency has a small deviation 
 In this case, with the decaying d.c. component in the signal, the algorithm has a 
delay on giving an accurate estimation on the frequency. The decaying d.c. component 
does not affect so much on the algorithm when the frequency has only a small deviation. 
 
Case 6: The test signal has a decaying d.c. component and the frequency has a large 
deviation 
)
6
2sin(21008.99)(

 

ftetv
t
   (3.18) 
Where fff  0  and Hzf 3.10  
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Figure 3.6 Signal with decaying d.c. component and frequency has a large deviation 
 In this case, with the decaying d.c. component in the signal, the algorithm has a 
delay on giving an accurate estimation on the frequency. The decaying d.c. component 
does not affect so much on the algorithm even when the frequency has a large deviation. 
 
3.3 Conclusion 
 This chapter introduces a frequency tracking method based on LS algorithm. The 
simulation has been done using Matlab. 
The signal model for LS algorithm is a fundamental component. The magnitude, 
the frequency and phase angle are all unknown. Only system frequency need to be extracted. 
From the simulation result, we can find that the LS algorithm gives an accurate estimation 
on system frequency when the actual frequency has a small deviation from the expected 
frequency. The estimated value will have a great sudden change when the actual frequency 
steps up and down, which can be regarded as a symbol of the frequency changing. When 
actual frequency becomes steady, the algorithm can give an accurate estimation in a short 
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period. When the decaying d.c. component is included in the input signal, there will be a 
dramatic delay on the estimation before it can gives an accurate estimation. 
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Chapter 4 Phasor Estimation Using LS Algorithm 
4.1 LS Algorithm for Phasor Estimation 
 In the field of electric power system, the LS algorithm is widely used to estimate 
the voltage and current phasor. Sachdev has described in details about how to use LS 
algorithm for phasor estimation in his paper [26]. The signal is assumed to be composed 
of a noise (or an observational error), a decaying d.c. component and the harmonic 
components. 
 Such signal (take voltage signal as an example) can be generally expressed as 




N
n
nnn
t
tVeDDtv
1
10 )cos(2)( 
    (4.1) 
 Where: 
 )(tv  is the instantaneous voltage magnitude at time t , 
 0D  is the noise or the observational error, 
 1D  is the magnitude of the decaying d.c. component at time 0t , 
   is the decaying time constant, 
 N  is the highest integer of all harmonic components in the signal, 
 nV  is the voltage magnitude of the nth harmonic component, 
 n  is the frequency of the nth harmonic component, 
 n  is the phase angle of the nth harmonic component. 
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 In function (4.1), 0D  can be regarded as noise or observational errors, 

t
eD

1  is the 
decaying d.c. component and 


N
n
nnn tV
1
)cos(2   are the harmonic components. When 
n  are given (or all harmonic components are integer harmonic components), the 
parameters that we need to extract are 0D , 1D , nV  and n . 
 In order to make the equation easier to solve, some assumptions have been made. 
Firstly, we assume that there is a Low-Pass Filter (LPF) to block all the harmonic 
components that is higher than fifth order. Secondly, we assume that there are only 
integer harmonic components (or non-integer harmonic components with accurate given 
n ) in the signal. 
 For the decaying d.c. component 
t
eD

1 , it can be expanded by the Taylor series 
such that: 
......
2
2
12
1
1
1
11 

t
D
t
D
DeD
t

     (4.2) 
 In LS algorithms, only the first three terms of this series will be taken into 
consideration. 
 Next, the harmonic components 


N
n
nnn tV
1
)cos(2   need to be expanded. As 
assumptions have been made that there is a LPF, N is no larger than 5. Suppose N is 5, so 
the harmonic components can be expanded as: 
     333222111 cos2cos2cos2   tVtVtV  
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   555444 cos2cos2   tVtV
 
 222222111111 sinsin2coscos2sinsin2coscos2  tVtVtVtV  
      444444333333 sinsin2coscos2sinsin2coscos2  tVtVtVtV  
      555555 sinsin2coscos2  tVtV        (4.3) 
 By combining the equation (4.2) and (4.3), we can get: 
    2221111112210 coscos2sinsin2coscos221  tVtVtVttDDtv   
444333333222 coscos2sinsin2coscos2sinsin2  tVtVtVtV   
        555555444 sinsin2coscos2sinsin2  tVtVtV     (4.4) 
 Now, we consider the matrix ][X . Suppose 101 DDx  , 
1
2
D
x  ,  
2
2
1
3 2
D
x  , 
114 cos2 Vx  , 115 sin2 Vx  …… 5513 sin2 Vx  . Thus, the 113
][X  matrix has been made. 
 Next, we think of matrix ][A . Suppose 11 a , ta 2 , 
2
3 ta  , ta 14 cos , 
ta 15 sin ...... ta 513 sin . Assume that a total of n samples have been measured. Thus, 
the 13n ][A matrix has been made. 
 By substituting the matrix ][X  and the matrix ][A , we can get equation (4.4): 
  13132211 ...... xaxaxatv      (4.5) 
 Equation (4.5) can be rewritten in the matrix form such that: 
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    VXA       (4.6) 
 As matrix ][A  and ][V  is given, only matrix ][X  need to be solved. This equation 
matched the form of LS problems, which has been mentioned in Chapter 2.1. By using 
pseudo-inverse, we will get the matrix ][X . After solving equations of the matrix ][X , we 
will be able to extract the parameters of the phasor. 
 
4.2 Simulation Results 
 In order to test the accuracy of the LS algorithm on phasor estimation, some 
simulations have been made using Matlab. The Matlab code is based on the algorithm 
showed in Chapter 4.1. 
 Several different kinds of input signals have been given, and the simulation results 
are compared with the original input signal. For the given signals below, assume that there 
is a LPF blocking harmonic components whose order is higher than 5. The sampling rate 
is 3840Hz (64 samples per cycle in a 60 Hz system). The fundamental frequency is set to 
60Hz. The decaying time constant   is set to 0.0265s (or 26.5ms), which corresponding to 
ratio 10
R
X
. The noises added in the signals are Gaussian White Noises (GWN). The 
percent error is calculated in following cases, which is defined as: 
real
estimatereal




100     (4.7) 
Actually, there is another commonly used performance criteria called Total Vector Error 
(TVE), which will be calculated, too. It is defined as the square root of the difference 
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squared between the real and the imaginary parts of the estimated phasor and the actual 
phasor, which is showed in the following equation:  
   
100
)()(
22
22




ir
iirr
XX
XnXXnX
    (4.8) 
Where: 
  is the TVE in percentage 
)(nX r  is the real part of the estimated phasor 
rX  is the real part of the actual phasor 
)(nX i  is the imaginary part of the estimated phasor 
iX  is the imaginary part of the actual phasor 
 According to IEEE standards, the TVE should not exceed 1% for phasor estimation 
[27]. 
 
Case 1: The test signal is a voltage signal with only integer harmonic components. The 
signal with and without noise are tested: 




















4
3cos25.5
3
2cos23.10
6
cos21008.99)(





 tttetv
t
 







5
5cos27.3

t        (4.9) 
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Table 4.1 LS Algorithm Testing Results for Signal with Integer Harmonics (Without 
Noise) 
Parameter Set Value Estimated 
Value 
Percent 
Error (%) 
1D  99.8 99.8140 0.0140 
1V  100 100.0428 0.0428 
1  30 30.0542 0.1807 
2V  10.3 10.3107 0.1039 
2  60 60.0384 0.0640 
3V  5.5 5.5025 0.0455 
3  45 45.0277 0.0616 
5V  3.7 3.7004 0.0108 
5  36 36.0088 0.0244 
 
Table 4.2 LS Algorithm Testing Results for Signal with Integer Harmonics (With Noise) 
Parameter Set 
Value 
Percent Error (%) 
SNR=20dB SNR=40dB SNR=60dB 
1D  99.8 0.2934 0.0503 0.0203 
1V  100 0.0760 0.0324 0.0405 
1  30 0.3105 0.1937 0.1831 
2V  10.3 0.0890 0.1049 0.1010 
2  60 0.2927 0.0926 0.0719 
3V  5.5 0.4375 0.0097 0.0404 
3  45 0.2348 0.0703 0.0629 
5V  3.7 0.3144 0.0290 0.0110 
5  36 1.3883 0.0570 0.0400 
 
Table 4.3 LS Algorithm Testing Results for Signal with Integer Harmonics (TVE Result) 
SNR (dB) Without 
Noise 
SNR=20 SNR=40 SNR=60 
TVE (%) 0.0503 0.0582 0.0482 0.0504 
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In Table 4.1, the first column represents the parameters that need to be extracted. 
The second column are the corresponding set values to the parameters in the first column. 
The third column shows the corresponding values estimated by LS algorithm. The fourth 
column calculates the percent errors between the second column and the third column. 
In Table 4.2, the percent errors columns are divided into three columns. Each 
column has different Signal-to-Noise Ratios (SNR), which are SNR=20, 40 and 60 
separately. The percent errors are calculated under corresponding conditions between the 
estimated values and the set values. 
The Table 4.3 shows the TVE results with different SNR Gaussian White Noises 
added in the signal. 
In this case, with the model fitting well with the original signal, the LS algorithm 
gives accurate estimated values with the set values. When noises are added in the signal, 
the LS algorithm still works well as all TVEs are not exceeding 1%.  
 
Case 2: The test signal is a voltage signal with only one non-integer harmonic component. 
The frequency of the harmonic components are not given. The signal with and without 
noise are tested: 




















4
3cos25.5
3
2cos23.10
6
cos21008.99)(





 tttetv
t
 







5
cos27.3 5

tM        (4.10) 
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Where 
5M  are 5.1 and 5.5 separately. 
Table 4.4 LS Algorithm Testing Results for Signal with Unknown n  and Only One 
Non-Integer Harmonic Component (Without Noise) 
Parameter Set Value 1.55 M  5.55 M  
Estimated 
Value 
Percent 
Error (%) 
Estimated 
Value 
Percent 
Error (%) 
1D  
99.8 99.0359 0.7657 98.5528 1.2497 
1V  
100 100.0070 0.0070 99.9257 0.0743 
1  
30 29.9501 0.1665 29.8738 0.4205 
2V  
10.3 10.3084 0.0817 10.1989 0.9819 
2  
60 59.7183 0.4695 59.3790 1.0350 
3V  
5.5 5.5861 1.5658 5.4620 0.6916 
3  
45 45.0094 0.0209 43.9417 2.3517 
5V  
3.7 - - - - 
5  
36 - - - - 
 
Table 4.5 LS Algorithm Testing Results for Signal with Unknown n  and Only One 
Non-Integer Harmonic Component (With Noise) 
Parameter Set 
Value 
Percent Error (%) 
1.55 M  5.55 M  
SNR=20 SNR=40 SNR=60 SNR=20 SNR=40 SNR=60 
1D  
99.8 0.8177 0.7688 0.7656 1.2710 1.2475 1.2498 
1V  
100 0.0160 0.0073 0.0070 0.0742 0.0740 0.0745 
1  
30 0.1779 0.1661 0.1667 0.4236 0.4196 0.4208 
2V  
10.3 0.0405 0.0861 0.0812 0.9843 0.9684 0.9816 
2  
60 0.5059 0.4684 0.4699 0.9488 1.0323 1.0358 
3V  
5.5 1.4503 1.5831 1.5645 0.4710 0.6603 0.6930 
3  
45 0.2344 0.0433 0.0190 2.4514 2.3255 2.351 
5V  
3.7 - - - - - - 
5  
36 - - - - - - 
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Table 4.6 LS Algorithm Testing Results for Signal with Unknown n  and Only One 
Non-Integer Harmonic Component (TVE Result) 
SNR (dB) Without 
Noise 
SNR=20 SNR=40 SNR=60 
TVE 
(%) 
1.55 M  0.2554 0.2688 0.2564 0.2554 
5.55 M  0.4862 0.4927 0.4846 0.4863 
 
 The TVE result does not include the non-integer harmonic component as the LS 
algorithm cannot give an accurate estimation on it. 
 In this case, with unknown n  and only one non-integer harmonic component 
added in the signal, the algorithm gives an accurate estimation on decaying d.c. component 
and integer harmonic components. However, it is not able to give a good estimation on 
non-integer harmonic component. When the noise is added in the signal, from the TVEs, 
we can find that the LS algorithm still works well without taking non-integer harmonic 
component into consideration. 
 
Case 3: The test signal is a voltage signal with only one non-integer harmonic component. 
The frequency of the harmonic components are given. The signal with and without noise 
are tested: 




















4
3cos25.5
3
2cos23.10
6
cos21008.99)(





 tttetv
t
 







5
cos27.3 5

tM        (4.11) 
Where 
5M  are 5.1 and 5.5 separately. 
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Table 4.7 LS Algorithm Testing Results for Signal with Given n  and Only One Non-
Integer Harmonic Component (Without Noise) 
Parameter Set Value 1.55 M  5.55 M  
Estimated 
Value 
Percent 
Error (%) 
Estimated 
Value 
Percent 
Error (%) 
1D  
99.8 99.8109 0.0109 99.8098 0.0099 
1V  
100 100.0425 0.0425 100.0422 0.0422 
1  
30 30.0535 0.1785 30.0533 0.1777 
2V  
10.3 10.3103 0.0997 10.3100 0.0975 
2  
60 60.0364 0.0607 60.0357 0.0596 
3V  
5.5 5.5022 0.0408 5.5021 0.0383 
3  
45 45.0245 0.0546 45.0231 0.0514 
5V  
3.7 3.7005 0.0134 3.7005 0.0143 
5  
36 36.0056 0.0155 35.9942 0.0160 
 
Table 4.8 LS Algorithm Testing Results for Signal with Given n  and Only One Non-
Integer Harmonic Component (With Noise) 
Parameter Set 
Value 
Percent Error (%) 
1.55 M  5.55 M  
SNR=20 SNR=40 SNR=60 SNR=20 SNR=40 SNR=60 
1D  
99.8 0.2189 0.0706 0.0119 0.0180 0.0367 0.0105 
1V  
100 0.0781 0.0222 0.0422 0.0844 0.0362 0.0423 
1  
30 0.2463 0.2029 0.1791 0.1764 0.1881 0.1782 
2V  
10.3 0.2679 0.0758 0.1014 0.1822 0.0815 0.0973 
2  
60 0.4002 0.1126 0.0601 0.0220 0.0748 0.0599 
3V  
5.5 0.0429 0.0304 0.0428 0.2032 0.0489 0.0379 
3  
45 0.1631 0.0807 0.0585 0.2239 0.1088 0.0522 
5V  
3.7 0.3520 0.0134 0.0150 0.2607 0.0147 0.0117 
5  
36 0.3918 0.0955 0.0179 0.5950 0.0741 0.0117 
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Table 4.9 LS Algorithm Testing Results for Signal with Given n  and Only One Non-
Integer Harmonic Component (TVE Result) 
SNR (dB) Without 
Noise 
SNR=20 SNR=40 SNR=60 
TVE 
(%) 
1.55 M  0.0502 0.0765 0.0565 0.0503 
5.55 M  0.0502 0.0639 0.0535 0.0503 
 
 In this case, with given n  and only one non-integer harmonic component included 
in the signal, the algorithm gives an accurate estimation on all variables. With noise added, 
the algorithm can still work very well. 
 
Case 4: The test signal is a voltage signal with several non-integer harmonic components. 
The frequency of the harmonic components are not given. The signal with and without 
noise are tested: 
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Table 4.10 LS Algorithm Testing Results for Signal with Unknown n  and Several Non-
Integer Harmonic Components (Without Noise) 
Parameter Set 
Value 
Estimated Value Percent 
Error (%) 
1D  99.8 98.0967 1.7067 
1V  100 99.9943 0.0057 
1  30 30.3652 1.2173 
2V  10.3 - - 
2  60 - - 
3V  5.5 - - 
3  45 - - 
5V  3.7 - - 
5  36 - - 
 
Table 4.11 LS Algorithm Testing Results for Signal with Unknown n  and Several Non-
Integer Harmonic Components (With Noise) 
Parameter Set 
Value 
Percent Error (%) 
SNR=20dB SNR=40dB SNR=60dB 
1D  99.8 1.7541 1.7090 1.7065 
1V  100 0.0191 0.0052 0.0057 
1  30 1.1985 1.2176 1.2172 
2V  10.3 - - - 
2  60 - - - 
3V  5.5 - - - 
3  45 - - - 
5V  3.7 - - - 
5  36 - - - 
 
Table 4.12 LS Algorithm Testing Results for Signal with Unknown n  and Several Non-
Integer Harmonic Components (TVE Result) 
SNR (dB) Without 
Noise 
SNR=20 SNR=40 SNR=60 
TVE (%) 0.8092 0.8281 0.8099 0.8091 
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 The TVE result does not include the non-integer harmonic components as the LS 
algorithm cannot give an accurate estimation on them. 
 In this case, with unknown n  and several non-integer harmonic components 
included in the signal, the algorithm does not work very well. It fails to estimate all the 
non-integer harmonic components, and has over 1% errors on decaying d.c. component 
and the phase angle of the fundamental component. The TVE, which does not include non-
integer harmonic components, has almost reached 1%. 
 
Case 5: The test signal is a voltage signal with several non-integer harmonic components. 
The frequency of the harmonic components are given. The signal with and without noise 
are tested: 
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Table 4.13 LS Algorithm Testing Results for Signal with Given n  and Several Non-
Integer Harmonic Components (Without Noise) 
Parameter Set 
Value 
Estimated Value Percent 
Error (%) 
1D  99.8 99.8061 0.0061 
1V  100 100.0414 0.0414 
1  30 30.0522 0.1740 
2V  10.3 10.3116 0.1128 
2  60 60.0167 0.0278 
3V  5.5 5.5018 0.0324 
3  45 45.0390 0.0868 
5V  3.7 3.7005 0.0141 
5  36 35.9943 0.0158 
 
Table 4.14 LS Algorithm Testing Results for Signal with Given n  and Several Non-
Integer Harmonic Components (With Noise) 
Parameter Set 
Value 
Percent Error (%) 
SNR=20dB SNR=40dB SNR=60dB 
1D  99.8 0.1886 0.0873 0.0082 
1V  100 0.1385 0.0108 0.0407 
1  30 0.1010 0.2053 0.1784 
2V  10.3 0.3257 0.0737 0.1132 
2  60 0.1924 0.0907 0.0322 
3V  5.5 0.4980 0.0542 0.0304 
3  45 0.2604 0.1486 0.0863 
5V  3.7 0.1825 0.0411 0.0099 
5  36 0.3387 0.0084 0.0192 
 
Table 4.15 LS Algorithm Testing Results for Signal with Given n  and Several Non-
Integer Harmonic Components (TVE Result) 
SNR (dB) Without 
Noise 
SNR=20 SNR=40 SNR=60 
TVE (%) 0.0504 0.0755 0.0583 0.0507 
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 In this case, with given n  and several non-integer harmonic components included 
in the signal, the algorithm gives an accurate estimation on all variables. With noise added, 
the algorithm can still work very well with low TVE. 
 
Case 6: The test signal is a voltage signal with decaying d.c. component, fundamental 
component and a non-integer harmonic component. The frequency of the non-integer 
harmonic component is not given: 
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Table 4.16 LS Algorithm Testing Results for Signal with Unknown n , no Integer 
Harmonic Components and Only One Non-Integer Harmonic Components (Without 
Noise) 
Parameter Set 
Value 
Estimated Value Percent 
Error (%) 
1D  99.8 99.0359 0.7657 
1V  100 100.0070 0.0070 
1  30 29.9501 0.1665 
5V  3.7 - - 
5  36 - - 
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Table 4.17 LS Algorithm Testing Results for Signal with Unknown n , no Integer 
Harmonic Components and Only One Non-Integer Harmonic Components (With Noise) 
Parameter Set 
Value 
Percent Error (%) 
SNR=20dB SNR=40dB SNR=60dB 
1D  99.8 0.7922 0.7670 0.7659 
1V  100 0.0024 0.0079 0.0069 
1  30 0.1583 0.1644 0.1665 
5V  3.7 - - - 
5  36 - - - 
 
Table 4.18 LS Algorithm Testing Results for Signal with Unknown n , no Integer 
Harmonic Components and Only One Non-Integer Harmonic Components (TVE Result) 
SNR (dB) Without 
Noise 
SNR=20 SNR=40 SNR=60 
TVE (%) 0.2783 0.2907 0.2785 0.2784 
 
 In this case, with n  not given, the algorithm fails to extract the non-integer 
harmonic component. However, it still performs well in estimating the decaying d.c. 
component and the fundamental component. 
 
Case 7: The test signal is a voltage signal with decaying d.c. component, fundamental 
component and a non-integer harmonic component. The frequency of the non-integer 
harmonic component is given: 
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Table 4.19 LS Algorithm Testing Results for Signal with Unknown n , no Integer 
Harmonic Components and Only One Non-Integer Harmonic Components (Without 
Noise) 
Parameter Set 
Value 
Estimated Value Percent 
Error (%) 
1D  99.8 99.8109 0.0109 
1V  100 100.0425 0.0425 
1  30 30.0535 0.1785 
5V  3.7 3.7005 0.0134 
5  36 36.0056 0.0155 
 
Table 4.20 LS Algorithm Testing Results for Signal with Unknown n , no Integer 
Harmonic Components and Only One Non-Integer Harmonic Components (With Noise) 
Parameter Set 
Value 
Percent Error (%) 
SNR=20dB SNR=40dB SNR=60dB 
1D  99.8 0.1904 0.0051 0.0129 
1V  100 0.0757 0.0501 0.0418 
1  30 0.0993 0.1795 0.1792 
5V  3.7 0.0579 0.0688 0.0188 
5  36 0.0812 0.0485 0.0160 
 
Table 4.21 LS Algorithm Testing Results for Signal with Unknown n , no Integer 
Harmonic Components and Only One Non-Integer Harmonic Components (TVE Result) 
SNR (dB) Without 
Noise 
SNR=20 SNR=40 SNR=60 
TVE (%) 0.0507 0.0670 0.0530 0.0509 
 
 In this case, with n  given, the algorithm gives an accurate estimation on all 
parameters. The method still works very well with noises added in the signal. 
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Case 8: The test signal is a voltage signal with different time constants and a non-integer 
harmonic component. The frequency of the non-integer harmonic component is not 
given: 
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Where 0265.0 , 05.0  and 1.0  separately.  
Table 4.22 LS Algorithm Testing Results for Signal with Unknown n , Different  and 
Only One Non-Integer Harmonic Component 
Param
eter 
Set 
Value 
0265.0  05.0  1.0  
Estimated 
Value 
Percent 
Error (%) 
Estimated 
Value 
Percent 
Error (%) 
Estimated 
Value 
Percent 
Error (%) 
1D  
99.8 99.0359 0.7657 99.9600 0.1603 99.6948 0.1054 
1V  
100 100.0070 0.0070 100.0515 0.0515 99.9901 0.0099 
1  
30 29.9501 0.1665 30.0178 0.0595 30.0199 0.0663 
2V  
10.3 10.3084 0.0817 10.3796 0.7726 10.3271 0.2628 
2  
60 59.7183 0.4695 59.9907 0.0154 60.2984 0.4973 
3V  
5.5 5.5861 1.5658 5.6265 2.3003 5.5366 0.6649 
3  
45 45.0094 0.0209 45.4675 1.0388 46.0327 2.2949 
5V  
3.7 - - - - - - 
5  
36 - - - - - - 
 
Table 4.23 LS Algorithm Testing Results for Signal with Unknown n , Different  and 
Only One Non-Integer Harmonic Component (TVE Result) 
s/  0265.0  05.0  1.0  
TVE (%) 0.2554 0.1548 0.0928 
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The TVE result does not include the non-integer harmonic component as the LS 
algorithm cannot give an accurate estimation on them. 
 In this case, the signal has only one non-integer harmonic component and three 
different time constants. When the time constant becomes larger, the estimation are getting 
more accuracy. 
 
Case 9: The test signal is a voltage signal with different time constants and a non-integer 
harmonic component. The frequency of the non-integer harmonic component is given: 
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Where 0265.0 , 05.0  and 1.0  separately.  
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Table 4.24 LS Algorithm Testing Results for Signal with Given n , Different  and Only 
One Non-Integer Harmonic Component 
Param
eter 
Set 
Value 
0265.0  05.0  1.0  
Estimated 
Value 
Percent 
Error (%) 
Estimated 
Value 
Percent 
Error (%) 
Estimated 
Value 
Percent 
Error (%) 
1D  
99.8 99.8109 0.0109 99.8007 0.0006 99.8000 0 
1V  
100 100.0425 0.0425 100.0080 0.0080 100.0011 0.0011 
1  
30 30.0535 0.1785 30.0090 0.0299 30.0012 0.0040 
2V  
10.3 10.3103 0.0997 10.3018 0.0172 10.3002 0.0024 
2  
60 60.0364 0.0607 60.0060 0.0100 60.0008 0.0013 
3V  
5.5 5.5022 0.0408 5.5004 0.0070 5.5001 0.0018 
3  
45 45.0245 0.0546 45.0041 0.0092 45.0006 0.0012 
5V  
3.7 3.7005 0.0134 3.7001 0.0023 3.7000 0 
5  
36 36.0056 0.0155 36.0010 0.0026 36.0001 0.0003 
 
Table 4.25 LS Algorithm Testing Results for Signal with Given n , Different  and Only 
One Non-Integer Harmonic Component (TVE Result) 
s/  0265.0  05.0  1.0  
TVE (%) 0.0502 0.0083 0.0011 
 
In this case, the signal has only one non-integer harmonic component and three 
different time constants. With the frequency of the harmonic component given, the LS 
algorithm gives an accurate estimation. When the time constant becomes larger, the 
estimation are getting more accuracy. 
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4.3 Conclusion 
 This chapter introduces how LS algorithm works on phasor estimation. It first 
provides how to set the model of the problem. After that, some simulations have been made 
using Matlab. 
 From the simulation results, we can find that the LS algorithm gives an accurate 
estimation on phasor when the frequency of the harmonic components are given. When 
there are non-integer harmonic components in the signal, and the frequency are not given, 
the LS algorithm fails to extract the parameters of the non-integer harmonic components. 
However, the estimation of the decaying d.c. component and the fundamental component 
are still accuracy. When the time constant is changed, the LS algorithm can give a more 
accurate estimation with the time constant becoming larger. 
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Chapter 5  Phasor Estimation Using TLS Algorithm 
5.1 TLS Algorithm for Phasor Estimation 
 The TLS algorithm has the same model as the LS algorithm when applying to 
phasor estimation. The only difference is that they have different processes on extracting 
the parameters of the phasor. Chapter 4.1 has showed in details on how to set the model 
for TLS algorithm. Chapter 2.2 described how TLS algorithm works. 
 
5.2 Simulation Results 
 In order to test the accuracy of the TLS algorithm, some simulations have been 
made using Matlab. 
 Several different kinds of input signals have been given, and the simulation results 
are compared with the original input signal. For the given signals below, assume that there 
is a LPF blocking harmonic components whose order is higher than 5. The sampling rate 
is 3840Hz (64 samples per cycle in a 60 Hz system). The fundamental frequency is set to 
60Hz. The decaying time constant   is set to 0.0265 (or 26.5ms), which corresponding to 
ratio 10
R
X
. The noises added in the signals are Gaussian White Noises. The percent error 
and the TVE will be calculated. 
 
Case 1: The test signal is a voltage signal with only integer harmonic components. The 
signal with and without noise are tested: 
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Table 5.1  TLS Algorithm Testing Results for Signal with Integer Harmonics (Without 
Noise) 
Parameter Set Value Estimated 
Value 
Percent 
Error (%) 
1D  99.8 99.9409 0.1412 
1V  100 99.9078 0.0922 
1  30 30.0239 0.0795 
2V  10.3 10.2942 0.0564 
2  60 59.9791 0.0348 
3V  5.5 5.5004 0.0080 
3  45 4.9957 0.0090 
5V  3.7 3.7000 0 
5  36 35.9999 0.0003 
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Table 5.2  TLS Algorithm Testing Results for Signal with Integer Harmonics (With 
Noise) 
Parameter Set 
Value 
Percent Error (%) 
SNR=20dB SNR=40dB SNR=60dB 
1D  99.8 0.2108 0.1352 0.1417 
1V  100 0.1179 0.0873 0.0911 
1  30 0.0641 0.1101 0.1092 
2V  10.3 0.0657 0.1533 0.1383 
2  60 0.0950 0.0922 0.0931 
3V  5.5 0.3269 0.0821 0.0781 
3  45 0.1772 0.1652 0.1467 
5V  3.7 0.0990 0.0808 0.0144 
5  36 0.1349 0.0202 0.0721 
 
Table 5.3  TLS Algorithm Testing Results for Signal with Integer Harmonics (TVE 
Result) 
SNR (dB) Without 
Noise 
SNR=20 SNR=40 SNR=60 
TVE (%) 0.0405 0.0490 0.0448 0.0457 
 
In this case, with the model fitting well with the original signal, the TLS 
algorithm gives accurate estimation values with the actual values. When noises are added 
in the signal, the TLS algorithm still works well as all TVEs are not exceeding 1%.  
 
Case 2: The test signal is a voltage signal with only one non-integer harmonic component. 
The frequency of the harmonic components are not given. The signal with and without 
noise are tested: 
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Where 
5M  are 5.1 and 5.5 separately. 
Table 5.4  TLS Algorithm Testing Results for Signal with Unknown n  and Only One 
Non-Integer Harmonic Component (Without Noise) 
Parameter Set Value 1.55 M  5.55 M  
Estimated 
Value 
Percent 
Error (%) 
Estimated 
Value 
Percent 
Error (%) 
1D  
99.8 100.4537 0.6550 98.8950 0.9068 
1V  
100 99.8642 0.1358 99.9050 0.0950 
1  
30 29.9974 0.0087 30.2198 0.7326 
2V  
10.3 10.2834 0.1613 10.4922 1.8659 
2  
60 59.9591 0.0682 59.3117 1.1471 
3V  
5.5 5.5659 1.1982 5.3794 2.1928 
3  
45 45.2189 0.4865 43.9327 2.3818 
5V  
3.7 - - - - 
5  
36 - - - - 
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Table 5.5  TLS Algorithm Testing Results for Signal with Unknown n  and Only One 
Non-Integer Harmonic Component (With Noise) 
Parameter Set 
Value 
Percent Error (%) 
1.55 M  5.55 M  
SNR=20 SNR=40 SNR=60 SNR=20 SNR=40 SNR=60 
1D  
99.8 0.6731 0.6572 0.6557 0.9212 0.9102 0.9070 
1V  
100 0.1387 0.1355 0.1358 0.1011 0.0945 0.0949 
1  
30 0.0099 0.0100 0.0087 0.7274 0.7324 0.7328 
2V  
10.3 0.1588 0.1582 0.1614 1.8348 1.8575 1.8665 
2  
60 0.0523 0.0620 0.0685 1.0994 1.1479 1.1465 
3V  
5.5 1.0118 1.2011 1.1994 2.1783 2.2196 2.1930 
3  
45 0.4050 0.4880 0.4877 2.1357 2.3661 2.3703 
5V  
3.7 - - - - - - 
5  
36 - - - - - - 
 
Table 5.6  TLS Algorithm Testing Results for Signal with Unknown n  and Only One 
Non-Integer Harmonic Component (TVE Result) 
SNR (dB) Without 
Noise 
SNR=20 SNR=40 SNR=60 
TVE 
(%) 
1.55 M  0.1696 0.1728 0.1704 0.1698 
5.55 M  0.3422 0.3497 0.3431 0.3422 
 
 The TVE result does not include the non-integer harmonic component as the TLS 
algorithm cannot give an accurate estimation on it. 
 In this case, with unknown n  and only one non-integer harmonic component 
added in the signal, the algorithm gives an accurate estimation on decaying d.c. component 
and integer harmonic components. However, it is not able to give a good estimation on 
non-integer harmonic component. When the noise is added in the signal, from the TVEs, 
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we can find that the TLS algorithm still works well without taking non-integer harmonic 
component into consideration. 
 
Case 3: The test signal is a voltage signal with only one non-integer harmonic component. 
The frequency of the harmonic components are given. The signal with and without noise 
are tested: 
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Where 
5M  are 5.1 and 5.5 separately. 
Table 5.7  TLS Algorithm Testing Results for Signal with Given n  and Only One Non-
Integer Harmonic Component (Without Noise) 
Parameter Set Value 1.55 M  5.55 M  
Estimated 
Value 
Percent 
Error (%) 
Estimated 
Value 
Percent 
Error (%) 
1D  
99.8 99.6586 0.1416 99.6582 0.1421 
1V  
100 100.0912 0.0912 100.0910 0.0910 
1  
30 30.0326 0.1086 30.0325 0.1083 
2V  
10.3 10.3147 0.1427 10.3146 0.1414 
2  
60 59.9436 0.0940 59.9441 0.0932 
3V  
5.5 5.5045 0.0824 5.5045 0.0826 
3  
45 44.9343 0.1461 44.9341 0.1464 
5V  
3.7 3.6999 0.0039 3.7027 0.0722 
5  
36 5.9978 0.0062 35.9646 0.0984 
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Table 5.8  TLS Algorithm Testing Results for Signal with Given n  and Only One Non-
Integer Harmonic Component (With Noise) 
Parameter Set 
Value 
Percent Error (%) 
1.55 M  5.55 M  
SNR=20 SNR=40 SNR=60 SNR=20 SNR=40 SNR=60 
1D  
99.8 0.1839 0.01399 0.1418 0.2029 0.2368 0.1408 
1V  
100 0.0879 0.0916 0.0912 0.1170 0.1147 0.0910 
1  
30 0.0814 0.1096 0.1086 0.0464 0.0540 0.1088 
2V  
10.3 0.1300 0.1578 0.1438 0.1362 0.0560 0.1414 
2  
60 0.1078 0.0910 0.0953 0.0691 0.2273 0.0917 
3V  
5.5 0.1911 0.0980 0.0848 0.3439 0.0485 0.0837 
3  
45 0.2123 0.1205 0.1471 0.3634 0.1518 0.1439 
5V  
3.7 0.0507 0.0003 0.0037 0.0196 0.1043 0.0743 
5  
36 0.1222 0.0466 0.0108 0.8875 0.0290 0.0923 
 
Table 5.9  TLS Algorithm Testing Results for Signal with Given n  and Only One Non-
Integer Harmonic Component (TVE Result) 
SNR (dB) Without 
Noise 
SNR=20 SNR=40 SNR=60 
TVE 
(%) 
1.55 M  0.0460 0.0501 0.0470 0.0460 
5.55 M  0.0460 0.0568 0.0522 0.0460 
 
 In this case, with given n  and only one non-integer harmonic component included 
in the signal, the TLS algorithm gives an accurate estimation on all variables. With noise 
added, the algorithm can still work very well. 
 
Case 4: The test signal is a voltage signal with several non-integer harmonic components. 
The frequency of the harmonic components are not given. The signal with and without 
noise are tested: 
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Table 5.10 TLS Algorithm Testing Results for Signal with Unknown n  and Several 
Non-Integer Harmonic Components (Without Noise) 
Parameter Set 
Value 
Estimated Value Percent 
Error (%) 
1D  99.8 100.2059 0.4068 
1V  100 99.4482 0.5518 
1  30 29.7503 0.8324 
2V  10.3 - - 
2  60 - - 
3V  5.5 - - 
3  45 - - 
5V  3.7 - - 
5  36 - - 
 
Table 5.11 TLS Algorithm Testing Results for Signal with Unknown n  and Several 
Non-Integer Harmonic Components (With Noise) 
Parameter Set 
Value 
Percent Error (%) 
SNR=20dB SNR=40dB SNR=60dB 
1D  99.8 0.4090 0.4079 0.4066 
1V  100 0.5547 0.5519 0.5518 
1  30 0.8365 0.8327 0.8324 
2V  10.3 - - - 
2  60 - - - 
3V  5.5 - - - 
3  45 - - - 
5V  3.7 - - - 
5  36 - - - 
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Table 5.12 TLS Algorithm Testing Results for Signal with Unknown n  and Several 
Non-Integer Harmonic Components (TVE Result) 
SNR(dB) Without 
Noise 
SNR=20 SNR=40 SNR=60 
TVE (%) 0.5582 0.5610 0.5583 0.5582 
 
 The TVE result does not include the non-integer harmonic components as the TLS 
algorithm fails to give an accurate estimation on them. 
 In this case, with unknown n  and several non-integer harmonic components 
included in the signal, the algorithm does not work very well. It fails to estimate all the 
non-integer harmonic components. However, from the TVE result, we can see that the TLS 
algorithm still has a high accuracy on estimating decaying d.c. component and the 
fundamental component. 
 
Case 5: The test signal is a voltage signal with several non-integer harmonic components. 
The frequency of the harmonic components are given. The signal with and without noise 
are tested: 
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Table 5.13 TLS Algorithm Testing Results for Signal with Given n  and Several Non-
Integer Harmonic Components (Without Noise) 
Parameter Set 
Value 
Estimated Value Percent 
Error (%) 
1D  99.8 99.9379 0.1382 
1V  100 99.9105 0.0895 
1  30 30.0232 0.0772 
2V  10.3 10.2943 0.0549 
2  60 59.9862 0.0230 
3V  5.5 5.5007 0.0128 
3  45 44.9950 0.0110 
5V  3.7 3.7000 0 
5  36 35.9999 0.0003 
 
Table 5.14 TLS Algorithm Testing Results for Signal with Given n  and Several Non-
Integer Harmonic Components (With Noise) 
Parameter Set 
Value 
Percent Error (%) 
SNR=20dB SNR=40dB SNR=60dB 
1D  99.8 0.0350 0.1484 0.1474 
1V  100 0.0611 0.0911 0.0893 
1  30 0.1565 0.1042 0.1057 
2V  10.3 0.2201 0.0878 0.0943 
2  60 0.2062 0.1223 0.1376 
3V  5.5 0.3640 0.1435 0.1647 
3  45 0.4038 0.1090 0.1384 
5V  3.7 0.1927 0.1074 0.0713 
5  36 0.3195 0.1312 0.0935 
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Table 5.15 TLS Algorithm Testing Results for Signal with Given n  and Several Non-
Integer Harmonic Components (TVE Result) 
SNR (dB) Without 
Noise 
SNR=20 SNR=40 SNR=60 
TVE (%) 0.0401 0.0633 0.0465 0.0460 
 
 In this case, with given n  and several non-integer harmonic components included 
in the signal, the TLS algorithm gives an accurate estimation on all variables. With noise 
added, the algorithm can still work very well with low TVE. 
 
Case 6: The test signal is a voltage signal with decaying d.c. component, fundamental 
component and a non-integer harmonic component. The frequency of the non-integer 
harmonic component is not given: 
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Table 5.16 TLS Algorithm Testing Results for Signal with Unknown n , no Integer 
Harmonic Components and Only One Non-Integer Harmonic Components (Without 
Noise) 
Parameter Set 
Value 
Estimated Value Percent 
Error (%) 
1D  99.8 99.2521 0.5490 
1V  100 99.9208 0.0792 
1  30 29.9502 0.1661 
5V  3.7 - - 
5  36 - - 
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Table 5.17 TLS Algorithm Testing Results for Signal with Unknown n , no Integer 
Harmonic Components and Only One Non-Integer Harmonic Components (With Noise) 
Parameter Set 
Value 
Percent Error (%) 
SNR=20dB SNR=40dB SNR=60dB 
1D  99.8 0.5537 0.5488 0.5491 
1V  100 0.0787 0.0797 0.0792 
1  30 0.1646 0.1662 0.1662 
5V  3.7 - - - 
5  36 - - - 
 
Table 5.18 TLS Algorithm Testing Results for Signal with Unknown n , no Integer 
Harmonic Components and Only One Non-Integer Harmonic Components (TVE Result) 
SNR (dB) Without 
Noise 
SNR=20 SNR=40 SNR=60 
TVE (%) 0.2198 0.2209 0.2200 0.2199 
 
 In this case, with n  not given, the algorithm fails to extract the non-integer 
harmonic component. However, it still performs well in estimating the decaying d.c. 
component and the fundamental component. 
 
Case 7: The test signal is a voltage signal with decaying d.c. component, fundamental 
component and a non-integer harmonic component. The frequency of the non-integer 
harmonic component is given: 
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Table 5.19 TLS Algorithm Testing Results for Signal with Unknown n , no Integer 
Harmonic Components and Only One Non-Integer Harmonic Components (Without 
Noise) 
Parameter Set 
Value 
Estimated Value Percent 
Error (%) 
1D  99.8 99.7698 0.0303 
1V  100 99.9979 0.0021 
1  30 29.9977 0.0076 
5V  3.7 3.6995 0.0142 
5  36 35.9973 0.0075 
 
Table 5.20 TLS Algorithm Testing Results for Signal with Unknown n , no Integer 
Harmonic Components and Only One Non-Integer Harmonic Components (With Noise) 
Parameter Set 
Value 
Percent Error (%) 
SNR=20dB SNR=40dB SNR=60dB 
1D  99.8 0.0355 0.0315 0.0305 
1V  100 0.0021 0.0024 0.0022 
1  30 0.0012 0.0085 0.0079 
5V  3.7 0.3285 0.0155 0.0144 
5  36 0.5025 0.0052 0.0097 
 
Table 5.21 TLS Algorithm Testing Results for Signal with Unknown n , no Integer 
Harmonic Components and Only One Non-Integer Harmonic Components (TVE Result) 
SNR (dB) Without 
Noise 
SNR=20 SNR=40 SNR=60 
TVE (%) 0.0145 0.0182 0.0151 0.0146 
 
 In this case, with n  given, the algorithm gives an accurate estimation on all 
parameters. The method still works very well with noises added in the signal. 
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Case 8: The test signal is a voltage signal with different time constants and a non-integer 
harmonic component. The frequency of the non-integer harmonic component is not 
given: 
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Where 0265.0 , 05.0  and 1.0  separately.  
Table 5.22 TLS Algorithm Testing Results for Signal with Unknown n , Different  and 
Only One Non-Integer Harmonic Component 
Param
eter 
Set 
Value 
0265.0  05.0  1.0  
Estimated 
Value 
Percent 
Error (%) 
Estimated 
Value 
Percent 
Error (%) 
Estimated 
Value 
Percent 
Error (%) 
1D  
99.8 100.4537 0.6550 99.5690 0.2315 100.0576 0.2581 
1V  
100 99.8642 0.1358 99.8769 0.1231 99.9291 0.0709 
1  
30 29.9974 0.0087 30.0988 0.3293 29.9533 0.1558 
2V  
10.3 10.2834 0.1613 10.4118 1.0852 10.2540 0.4470 
2  
60 59.9591 0.0682 60.0487 0.0812 59.9716 0.0474 
3V  
5.5 5.5659 1.1982 5.5297 0.5398 5.4777 0.4064 
3  
45 45.2189 0.4865 44.6925 0.6833 45.0806 0.1791 
5V  
3.7 - - - - - - 
5  
36 - - - - - - 
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Table 5.23 TLS Algorithm Testing Results for Signal with Unknown n , Different  and 
Only One Non-Integer Harmonic Component (TVE Result) 
s/  0265.0  05.0  1.0  
TVE (%) 0.1696 0.1469 0.0739 
 
The TVE result does not include the non-integer harmonic component as the TLS 
algorithm fails to give an accurate estimation on it. 
 In this case, the signal has only one non-integer harmonic component and three 
different time constants. When the time constant becomes larger, the estimation are getting 
more accuracy. 
 
Case 9: The test signal is a voltage signal with different time constants and a non-integer 
harmonic component. The frequency of the non-integer harmonic component is given: 
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Where 0265.0 , 05.0  and 1.0  separately.  
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Table 5.24 TLS Algorithm Testing Results for Signal with Given n , Different  and 
Only One Non-Integer Harmonic Component 
Param
eter 
Set 
Value 
0265.0  05.0  1.0  
Estimated 
Value 
Percent 
Error (%) 
Estimated 
Value 
Percent 
Error (%) 
Estimated 
Value 
Percent 
Error (%) 
1D  
99.8 99.6586 0.1416 99.7740 0.0260 99.7963 0.0037 
1V  
100 100.0912 0.0912 100.0165 0.0165 100.0023 0.0023 
1  
30 30.0326 0.1086 30.0053 0.0177 30.0007 0.0023 
2V  
10.3 10.3147 0.1427 10.3025  0.0246 10.3003 0.0034 
2  
60 59.9436 0.0940 59.9898 0.0171 59.9986 0.0024 
3V  
5.5 5.5045 0.0824 5.5008 0.0141 5.5001 0.0019 
3  
45 44.9343 0.1461 44.9883 0.0259 44.9984 0.0036 
5V  
3.7 3.6999 0.0039 3.7000 0 3.7000 0 
5  
36 35.9978 0.0062 35.9996 0.0011 35.9999 0.0003 
 
Table 5.25 TLS Algorithm Testing Results for Signal with Given n , Different  and 
Only One Non-Integer Harmonic Component (TVE Result) 
s/  0265.0  05.0  1.0  
TVE (%) 0.0460 0.0070 0.0009 
 
In this case, the signal has only one non-integer harmonic component and three 
different time constants. With the frequency of the harmonic component given, the TLS 
algorithm gives an accurate estimation. When the time constant becomes larger, the 
estimation are getting more accuracy. 
 
5.3 Simulation Results Comparison Between LS and TLS Algorithm 
 Both LS and TLS algorithms are using the same 9 cases to test the performance. In 
order to compare the two algorithms, we will use the TVE results. 
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Table 5.26 LS and TLS Algorithms TVE Results Comparison 
Cases Conditions 
SNR/dB, s/  
TVE (%) 
LS TLS 
Case 1 Without Noise 0.0503 0.0405 
SNR=20 0.0582 0.0490 
SNR=40 0.0482 0.0448 
SNR=60 0.0504 0.0457 
Case 2 1.55 M  Without 
Noise 
0.2554 0.1696 
SNR=20 0.2688 0.1728 
SNR=40 0.2564 0.1704 
SNR=60 0.2554 0.1698 
5.55 M  Without 
Noise 
0.4862 0.3422 
SNR=20 0.4927 0.3497 
SNR=40 0.4846 0.3431 
SNR=60 0.4863 0.3422 
Case 3 1.55 M  Without 
Noise 
0.0502 0.0460 
SNR=20 0.0765 0.0501 
SNR=40 0.0565 0.0470 
SNR=60 0.0503 0.0460 
5.55 M  Without 
Noise 
0.0502 0.0460 
SNR=20 0.0639 0.0568 
SNR=40 0.0535 0.0522 
SNR=60 0.0503 0.0460 
Case 4 Without Noise 0.8092 0.5582 
SNR=20 0.8281 0.5610 
SNR=40 0.8099 0.5583 
SNR=60 0.8091 0.5582 
Case 5 Without Noise 0.0504 0.0401 
SNR=20 0.0755 0.0633 
SNR=40 0.0583 0.0465 
SNR=60 0.0507 0.0460 
Case 6 Without Noise 0.2783 0.2198 
SNR=20 0.2907 0.2209 
SNR=40 0.2785 0.2200 
SNR=60 0.2784 0.2199 
Case 7 Without Noise 0.0507 0.0145 
SNR=20 0.0670 0.0182 
SNR=40 0.0530 0.0151 
SNR=60 0.0509 0.0146 
Case 8 0265.0  0.2554 0.1696 
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05.0  0.1548 0.1469 
1.0  0.0928 0.0739 
Case 9 0265.0  0.0502 0.0460 
05.0  0.0083 0.0070 
1.0  0.0011 0.0009 
 
 In Table 5.26, all the TVE simulation results have been compared together. The 
first column are the cases that were tested in both LS and TLS algorithms. Case 1 is a 
voltage signal with only integer harmonic components. Case 2 is a voltage signal with 
unknown frequency and only one non-integer harmonic component. Case 3 has the same 
signal with case 2 except that the frequency is given. Case 4 is a voltage signal with 
unknown frequency and several non-integer harmonic components. Case 5 has the same 
signal with case 4 except that the frequency is given. Case 6 is a voltage signal with 
unknown frequency, decaying d.c. component, fundamental component and a non-integer 
harmonic component. Case 7 has the same signal with case 6 except that the frequency is 
given. Case 8 is a voltage signal with unknown frequency and a non-integer harmonic 
component. The different time constants have been tested in this case. Case 9 has the same 
signal with case 8 except that the frequency is given. The second column shows the 
different conditions of the cases, such as different SNR or time constants. The third and 
the fourth columns are the TVE results of LS and TLS algorithms separately. 
From the table, we can see that for all the cases, the TVEs of the TLS algorithms 
are smaller than that of the LS algorithms. We can conclude that the TLS algorithm 
performs better than the LS algorithm when frequency of non-integer harmonic 
components are given. 
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5.4 Conclusion 
 This chapter presents how TLS algorithm works and has used Matlab to test the 
performance of the TLS algorithm. After that, the performance of the LS algorithm and 
TLS algorithm has been provided by comparing the TVE results. 
 From the simulation results, we can find that the TLS algorithm gives an accurate 
estimation on phasor when the frequency of the harmonic components are given. When 
there are non-integer harmonic components in the signal and the frequency are not given, 
the LS algorithm fails to extract the parameters of the non-integer harmonic components. 
However, the estimation of the decaying d.c. component and the fundamental component 
are still accuracy. When the time constant is becoming larger, the TLS algorithm can 
provide a more accurate estimation. 
 The comparison result between LS algorithm and TLS algorithm shows that the 
TLS algorithm performs better when frequency of non-integer harmonic components are 
given. 
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Chapter 6 Conclusion  
 The frequency tracking and the phasor estimation has been important issues for 
decades in the electric power system. The LS and TLS algorithms are both widely used in 
such areas. 
 This thesis firstly investigates the performance of the LS algorithm used on the 
frequency tracking. The LS algorithm gives an accurate estimation when the frequency on 
has a small deviation from the expected value. The estimation value may have a great 
sudden change when the actual frequency steps up and down. The sudden change can be 
regarded as a symbol when the actual frequency changes. When the decaying d.c. 
component is involved in the signal, there will be a delay of the LS algorithm before it 
gives an accurate estimation on the frequency. 
 The paper then focused on phasor estimation using both the LS algorithm and the 
TLS algorithm. The signal is supposed to have a decaying d.c. component, several 
harmonic components and the Gaussian White Noise. With the frequency of the harmonic 
components given, both algorithms can precisely estimate the phasor. When the frequency 
of the harmonic components are not given, both algorithms fail to extract the parameters 
of the non-integer harmonic components. However, the estimation of the decaying d.c. 
component and the fundamental component are still accurate. Both LS and TLS algorithms 
works well with noise added. The signal with different time constants have also been tested, 
and the estimation becomes more accurate with the time constants becoming larger. The 
comparison of the TVE result between the LS algorithm and the TLS algorithm shows that 
the TLS algorithm has a better performance than the LS algorithm. 
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